Abstract. The subject of the paper is the numerical simulation of the interaction of twodimensional compressible viscous flow and a vibrating airfoil. The airfoil is considered as a solid body with two degrees of freedom, moving in the vertical direction and rotating around an elastic axis. The numerical simulation consists of the solution of the Navier-Stokes system by the space discontinuous Galerkin method combined with BDF in time, coupled with a system of nonlinear ordinary differential equations describing the airfoil motion. The time-dependent computational domain and a moving grid are taken into account by the arbitrary Lagrangian-Eulerian (ALE) formulation of the Navier-Stokes equations. The applicability of the developed method is demonstrated by numerical experiments.
1. Introduction. The interaction between flowing fluids and vibrating structures is the main subject of aeroelasticity, which studies the influence of aerodynamic and elastic forces on an elastic structure. The flow-induced vibrations may affect negatively the operation and stability of the systems. Therefore, one of the main goals of aeroelasticity is the prediction and cure of the aeroelastic instability. This discipline achieved many results, particularly from engineering point of view (see, e.g. the monographs [1] , [5] and [10] ).
In our paper we are concerned with the numerical solution of airfoil vibrations induced by compressible viscous flow. The airfoil is considered as a solid flexibly supported body with two degrees of freedom, allowing its vertical and torsional oscillations. The airfoil vibrations are described by a system of second-order nonlinear ordinary differential equations for the vertical displacement of the airfoil and the rotation angle of the airfoil around its elastic axis. This system is discretized by the Runge-Kutta method and coupled with the numerical approximation of the compressible Navier-Stokes system written in the arbitrary Lagrangian-Eulerian (ALE) form. It is discretized by the discontinuous Galerkin finite element method (DGFEM) in space and the backward difference formula (BDF) in time. We give here a detailed description of all ingredients of the coupled fluid-structure interaction problem. The presented results of numerical experiments demonstrate the applicability of the developed method.
on time. The time dependence of the domain Ω t is taken into account with the use of the arbitrary Lagrangian-Eulerian (ALE) method, see e.g. [11] . It is based on a regular one-to-one ALE mapping of the reference configuration Ω 0 onto the current configuration Ω t :
∈ Ω t , and the ALE derivative of a vector function w = w(x, t) defined for x ∈ Ω t and t ∈ [0, T ]:
Then the system describing the compressible flow, which consists of the continuity equation, the Navier-Stokes equations and the energy equation (cf. [7] ) can be written in the ALE form (see, e.g. [8] )
We use the following notation: The above system is completed by the thermodynamical relations 2) and is equipped with the initial condition w(x, 0) = w 0 (x), x ∈ Ω 0 , and the following boundary conditions:
It is easy to see that f s (αw) = α f s (w) for α > 0. This property implies that
where A s (w) = Df s (w)/Dw, s = 1, 2, are the Jacobi matrices of the mappings f s . The viscous terms R s (w, ∇w) can be expressed in the form where K s,k (w) ∈ IR 4×4 are matrices depending on w (cf. [3] ).
3. Equations for the moving airfoil. The airfoil has two degrees of freedom: the vertical displacement H (positively oriented downwards) and the angle α of rotation around an elastic axis EA (positively oriented clockwise), see Figure 3 .1. The motion of the airfoil is described by the system of ordinary differential equations for the unknowns H and α:
The dot and two dots denote the first-order and second-order time derivative, respectively. We use the following notation: L(t) -aerodynamic lift force (upwards positive), M(t) -aerodynamic torsional moment (clockwise positive), m -mass of the airfoil, S α -static moment around the elastic axis EA, I α -inertia moment around the elastic axis EA, k HH -bending stiffness, k αα -torsional stiffness, d HHstructural damping in bending, d αα -structural damping in torsion, l -airfoil depth.
System (3.1) was derived from the Lagrange equations in [12] . It is equipped with the initial conditions prescribing the values H(0), α(0),Ḣ(0),α(0). The aerodynamic lift force L acting in the vertical direction and the torsional moment M are defined by
where
4. Space discretization of the flow problem. For the space semidiscretization we use the discontinuous Galerkin finite element method (DGFEM). We construct a polygonal approximation Ω ht of the domain Ω t . By T ht we denote a partition of the closure Ω ht of the domain Ω ht into a finite number of closed triangles K with mutually disjoint interiors such that Ω ht = K∈T ht K.
By F ht we denote the system of all faces of all elements K ∈ T ht . Further, we introduce the set of boundary faces F 
ht , then the element adjacent to Γ will be denoted by K
The approximate solution will be sought in the space of piecewise polynomial functions 
The discrete problem is derived in the following way: We multiply system (2.1) by a test function ϕ h ∈ S ht , integrate over K ∈ T ht , apply Green's theorem, sum over all elements K ∈ T ht , use the concept of the numerical flux and introduce suitable terms mutually vanishing for a regular exact solution and linearize the resulting forms on the basis of properties of functions f s and R s (see, e.g. [8] ). In this way we get the following forms (followed by the explanation of symbols appearing in their definitions):
We set Θ = 1 or Θ = 0 or Θ = −1 and get the so-called symmetric version (SIPG) or incomplete version (IIPG) or nonsymmetric version (NIPG), respectively, of the discretization of viscous terms. The symbols P + (w, n) and P − (w, n) denote the positive and negative part of the matrix P(w, n) = 2 s=1 (A s (w) − z s I)n s defined similarly as in [9] . In (4.2), σ| Γ = C W µ/d(Γ) and C W > 0 is a sufficiently large constant. The boundary state w B is defined on the basis of the Dirichlet boundary conditions (2.3), a), b), d) and extrapolation:
Γ )/2 and the boundary state w
is defined with the aid of the solution of the 1D linearized initial-boundary Riemann problem as in [6] .
In order to avoid spurious oscillations in the approximate solution in the vicinity of discontinuities or steep gradients, we apply local artificial viscosity forms. They are based on the discontinuity indicator [4] . By [ρ h ] we denote the jump of the function ρ h on the boundary ∂K and |K| denotes the area of the element K. Then we define the discrete discontinuity indicator G t (K) = 0 if g t (K) < 1, G t (K) = 1 if g t (K) ≥ 1, and the artificial viscosity forms (see [9] )
In order to increase the quality of the numerical approximations, in [2] , isoparametric elements were used.
Time discretization by the BDF method.
Let us construct a partition 0 = t 0 < t 1 < t 2 . . . of the time interval [0, T ] and define the time step τ n = t n − t n−1 . We use the approximations 
us assume that w By the symbol (·, ·) tm we shall denote the scalar product in L 2 (Ω htm ), i.e.
The resulting BDF-DG scheme has the following form: For each m = 1, 2, . . .
The numerical solution of the structural problem, in contrast to the solution of the compressible flow, is not difficult. System (3.1) is transformed to a first-order system and approximated by the Runge-Kutta method. In what follows, we shall be concerned with the realization of the complete fluid-structure interaction problem.
Construction of the ALE mapping.
There exist various possibilities how to construct the ALE mapping A t . In the case of flow past an isolated airfoil it is possible to use the procedure introduced in [2] . We start from the assumption that we know the airfoil position at time instants t m , given by the displacement H(t m ) and rotation angle α(t m ) and want to define the mapping A t m : Ω h0 → Ω ht m We construct two circles K 1 , K 2 with center at the elastic axis EA and radii R 1 , R 2 , 0 < R 1 < R 2 so that the airfoil is lying inside the circle K 1 . The interior of the circle K 1 is moving in the vertical direction and rotates around the elastic axis as a solid body together with the airfoil. The exterior of K 2 is not deformed and in the area between K 1 and K 2 we use the intepolation. First we define the mapping H t m (X 1 , X 2 ), where X = (X 1 , X 2 ) ∈ Ω h0 , describing the vertical motion and rotation:
where (X EA1 , X EA2 ) represents the position of the elastic axis at time t = 0. If we denote the identical mapping by Id(X 1 , X 2 ) = (X 1 , X 2 ), we define the mapping A t m as a combination of Id and H t m :
is the distance of a point X ∈ Ω h0 from the elastic axis. Finally, the ALE mapping A t is defined as the conforming piecewise linear interpolation ofĀ t .
The domain velocity is approximated by the formula of order q in the form For the space discretization quadratic polynomials (r = 2) were used and the time discretization was carried out by the second-order BDF method (q = 2). The discretization of the viscous terms was realized by the SIPG version. The parameter C W = 500 in the interior part of the penalty form J h was used, whereas in the boundary penalty C W = 5000. The constants in the artificial viscosity forms were chosen ν 1 = ν 2 = 0.1.
The computational process starts at time t = −δ < 0 by the solution of the flow, keeping the airfoil in a fixed position given by the prescribed initial translation H and the angle of attack α. Then, at time t = 0 the airfoil is released and we continue by the solution of a complete fluid-structure interaction problem. 4 . In this case damped airfoil vibrations were obtained for the same data as above except the bending and torsional stiffnesses, which were now 1000 times higher than before. Figure 5 .2 shows Mach number distribution in the vicinity of the airfoil at several time instants. One can see well resolved obligue shock wave, shock waves leaving the trailing edge and wake.
6. Conclusion . The paper is concerned with the development and applications of the numerical method for the simulation of airfoil vibrations induced by viscous compressible flow. The gas flow is described by the 2D compressible Navier-Stokes equations in the ALE formulation allowing to take into account time dependence of the computational domain. The flow problem is coupled with the structural problem represented by the system of second-order ordinary differential equations for the vertical displacement and torsional angle of the airfoil. For the discretization of the flow problem the space DGFEM combined with the BDF time discretization was applied. This method is coupled with the Runge-Kutta method for the solution of the system of ordinary differential equations describing the airfoil vibrations. Numerical experiments show that the method can be applied to the simulation of airfoil vibrations induced by compressible subsonic as well as transonic flow.
There are the following subjects for further work: realization of further tests of the developed technique, solution of problems with large vibrations, comparison of obtained results with wind tunnel experiments, and theoretical analysis of qualitative properties (as, e.g. stability, convergence) of the developed numerical method.
